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Abstract
The variational principle for a thin dust shell in General Relativity is con-
structed. The principle is compatible with the boundary-value problem of the
corresponding Euler-Lagrange equations, and leads to “natural boundary con-
ditions” on the shell. These conditions and the gravitational field equations
which follow from an initial variational principle, are used for elimination of
the gravitational degrees of freedom. The transformation of the variational
formula for spherically-symmetric systems leads to two natural variants of the
effective action. One of these variants describes the shell from a stationary
interior observer’s point of view, another from the exterior one. The condi-
tions of isometry of the exterior and interior faces of the shell lead to the
momentum and Hamiltonian constraints. The canonical equivalence of the
mentioned systems is shown in the extended phase space. Some particular
cases are considered.
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I. INTRODUCTION
A thin spherically-symmetric dust shell is among the simplest popular models of collaps-
ing gravitating configurations. The equations of motion of these objects are obtained in [1],
[2]. The construction of a variational principle for such systems was discussed from different
points of view in [3]- [7]. There are a number of problems here, most basic of which is the
dependence on the choice of the evolution parameter (internal, external, proper). The choice
of time coordinate, in turn, affects the choice of a particular quantization scheme, leading,
in general, to quantum theories which are not unitarily equivalent.
In most of these papers the variational principle for shells is usually constructed in
a comoving frame of reference, or in one of variants of freely falling frames of reference.
However, use of such frames of reference frequently leads to effects unrelated to the object
under consideration. The essential physics involves a picture of a gravitational collapse from
the point of view of an infinitely remote stationary observer. In quantum theory this point
of view enables us to treat bound states in terms of asymptotic quantities and to build the
relevant scattering theory correctly. On the other hand, to treat primordial black holes in the
theory of self-gravitating shells it is convenient to take the viewpoint of a central stationary
observer. In the approach related to proper time of the shell reduction of the system leads
to complicated Lagrangians and Hamiltonians which creates difficulties on quantization. In
particular it leads to theories with higher derivatives or to finite difference equations.
In our opinion, the choice of the exterior or interior stationary observers is most natural
and corresponds to the real physics. To provide the necessary properties of invariance,
specification of the canonical transformations in an extended phase space which translate
the corresponding dynamical systems into one another enough. In addition the action for a
shell should satisfy some natural requirements. In the absence of self-forces it should pass
into the action for a geodesic motion. Further, according to the correspondence principle,
at small velocities and masses of the shell, and also in the absence of other sources of the
gravitational field, we should obtain the action for a self-gravitating Newtonian shell (see
Appendix C).
The natural Hamiltonian formulation of a self-gravitating shell was considered in works
[8], [9]. However this formulation was not obtained by a variational procedure from some
initial action containing the standard Einstein-Hilbert term. The action for such a self-
gravitating spherical shell of mass m can be introduced with the help of a naive “relativiza-
tion” of the Newtonian action. It is carried out by simple replacement of the kinetic energy
mv2/2 by the relativistic expression −mc
√
(1− v2/c2) (see below Lagrangians (C17) and
(4.3)). If there is an exterior gravitational field then the kinetic and potential energy of the
shell have as their general relativistic analog the geodesic Lagrangian −mc (2)ds±/dt±. The
subsigns “±” correspond to exterior and interior observers. The gravitational self-action of
the shell is the same for all cases, and its sign depends on whether stationary observer can
exist inside and outside the shell.
The above Hamiltonian formulation for the shell, as well as the procedure of “relativiza-
tion” follows from the Lagrange formalism of dust shells constructed in the present paper.
We view the system as a compound configuration consisting of two vacuum regions with a
spatially-closed boundary surface formed by the shell. The initial action we take as the sum
of actions of York type for either region and the action for dust matter. For the complete
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action introduced in this way the variational principle is compatible with the boundary-value
problem of the corresponding Euler-Lagrange equations for either region of the configuration,
and leads to “natural boundary conditions” on the shell. The missing boundary conditions
are obtained by consideration of the variations with respect to normal displacements of the
shell. The obtained conditions coincide with the known Israel matching conditions at sin-
gular hypersurfaces and are considered as constraints. Together with the equations of the
gravitational field they are used to eliminate of the gravitational degrees of freedom. The
tangential variations of thus-obtained action with constraints lead to the known equations
of motion of the Israel [1].
The problem of the complete reduction of the action is solved for spherically-symmetric
systems. By transforming the variational formula and using the constraints the obtained
action is reduced to two variants of the effective action. One of these variants describes the
shell from an interior stationary observer’s point of view, and the other from the exterior one.
Then we go over from the Lagrangian to the Hamiltonian description. The conditions of
isometry of the exterior and interior sides of the shell lead to the momentum and Hamiltonian
constraints. The canonical equivalence of these two variants of the description of the shells
in the extended phase space indicates the existence of a “discrete gauge” transformation
associated with the transition from the interior observer to the exterior one.
The paper is organized as follows. In Sec.II the full action is constructed for a compound,
piecewise smooth Lorentz manifold with a four-dimensional spatially-closed boundary sur-
face between two vacuum regions, corresponding to the world sheet of the shell. From here
the Einstein equations for regions outside the shell and surface equations follow. Further,
the action for the shell and the equations of motion are constructed.
In Sec.III spherically-symmetric relativistic dust shells are considered. The Lagrangians
and Hamiltonians describing the shell from the point of view of the interior or exterior ob-
server are obtained. Then momentum and Hamiltonian constraints are found. They emerge
from independent consideration of the interior and exterior faces of the shell using the con-
ditions of isometry of its two faces. In Sec.IY special cases of dust shells and configurations
of several shells are briefly considered.
In Appendix A it is shown that the surface equations, obtained in Sec.II, reduce to the
known equations for jumps of the extrinsic curvature tensor of the shell. In Appendix B we
show the canonical equivalence of the actions for the dust spherically-symmetric shell written
relative to the interior and exterior observers. This equivalence is thought of as operating
in the extended phase space of the corresponding dynamical system. In Appendix C the
action for an arbitrary nonrelativistic gravitating dust shell is constructed. The Lagrangian
for the spherical gravitating nonrelativistic dust shell is found. It was deemed worthwhile
to consider the nonrelativistic case because it clarifies the interpretation of the results and
allows comparisons with the general relativistic approach.
In this work we consider both relativistic and non-relativistic systems. In this connection,
we shall keep all the dimensional constants. Here c is the velocity of light, γ is the gravita-
tional constant, χ = 8πγ/c2, h¯ is Planck’s constant. The metric tensor gµν (µ, ν = 0, 1, 2, 3)
has the signature (+ − − −).
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II. THE VARIATIONAL PRINCIPLE AND EQUATIONS OF MOTION FOR
RELATIVISTIC DUST SHELLS
Consider a time-like spatially-closed hypersurface Σ
(3)
t into some region D
(4) of the space-
time V (4). Let it be the world sheet of the infinitely thin dust shell with the surface density
of dust σ. This shell divides the region D(4) into the interior and exterior ones, D
(4)
− andD
(4)
+ .
Introduce the general coordinate map xµ on our compound manifold D(4) = D
(4)
− ∪Σ(3)t ∪D(4)+
and the metrics g±µν on D
(4)
± , so that g
−
µν |Σ(3)
t
= g−µν |Σ(3)
t
.
One defines the elements of the four-volume d4Ω on D
(4)
± and three-volume d
3Ω on Σ
(3)
t
according to the formulas
d4Ω =
√−gd4x = √−gdx0 ∧ dx1 ∧ dx2 ∧ dx3 , (2.1)
d3Ω = −√−gnµdΣµ =
√−gdΣ , (2.2)
where nµ is the unit normal to Σ
(3)
t , directed from D
(4)
− to D
(4)
+ (nµn
µ = −1, uµnµ = 0),
g = det |gµν |. Three-forms dΣµ and dΣ are determined by the relations
dxµ ∧ dΣν = δµν d4x , η ∧ dΣ = d4x (dΣµ = nµdΣ) , (2.3)
where “∧” denotes the exterior product, and η = nµdxµ is a normal covector.
Now let us fix coordinate system xµ so that the coordinates xa (a = 2, 3) be Lagrange
coordinates of particles on the shell Σ
(3)
t . Then u
µxa, µ = n
µxa, µ = 0, where “, µ” is derivative
with respect to the coordinate xµ. Hence it follows ua = na = 0. The equations xa = const
determine the world line γ of some particle of dust on Σ
(3)
t . The set {γ} = {xa, xa + dxa}
of the world lines forms the elementary stream tube of dust. On the shell Σ
(3)
t we shall
introduce the basis of one-forms
{e0 ≡ ω = uµdxµ , ea = dxa} (a, b = 2, 3) (2.4)
and the dual vector basis
{e0 ≡ u = uµ∂µ , ea} , ei(ek) = δik (i, k = 0, 2, 3) . (2.5)
In the basis {ei} = {ω, dxa} the metric tensor and three-form of volume on Σ(3)t are
(3)g = ω ⊗ ω − qabdxa ⊗ dxb , (2.6)
d3Ω = − ω ∧ d2Ω , d2Ω = √qdx2 ∧ dx3 . (2.7)
Here “⊗” is the sign of a tensor product, d2Ω is the surface element of the area for the
section which is orthogonal to the elementary stream tube of dust, qab is the metric on these
sections, q = det |qab|. In the neighbourhood of the hypersurface Σ(3)t the metric tensor (4)g
and four-form of volume d4Ω can be expressed in the form
(4)g = (3)g − η ⊗ η , (2.8)
d4Ω = η ∧ d3Ω = ω ∧ η ∧ d2Ω . (2.9)
We introduce the two-form of mass on Σ
(3)
t by the formula d
2m = σd2Ω, then σd3Ω = ω∧d2m.
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Now we take the full action of the compound configuration in the form
I
(g)
tot = IEH − c
∫
Σ
(3)
t
(
σnµ +
1
2χ
[ωµ]
)√−gdΣµ + I∂D(4) + I0 . (2.10)
It is the functional of the metric gµν , density of the dust σ and hypersurface Σ
(3)
t : I
(g)
tot ≡
I
(g)
tot (gµν , σ, Σ
(3)
t ). The first term in the right side of (2.10)
IEH = − c
2χ
∫
D
(4)
− ∪D
(4)
+
(4)R d4Ω (2.11)
is the Einstein-Hilbert action for the regions D
(4)
± , where
(4)R is the curvature scalar.
The second term in the right side (2.10) contains the matter term cσd3Ω and matching
term. The symbol [ωµ] = ωµ|+ − ωµ|− denotes the jump of the quantity
ωµ = gσρΓµσρ − gµρΓσσρ , (2.12)
Γµσρ =
1
2
gµν(gνρ,σ + gνσ,ρ − gρσ,ν) , (2.13)
on Σt. The sign “|+” or “|−” indicates the marked values to be calculated as a limiting
magnitude when approaching the boundary Σt from outside or inside respectively. In Ap-
pendix A it will be shown, that the relation
[ωµ]nµ = 2[K] (2.14)
takes place. Here K = gµνKµν is the trace of the extrinsic curvature tensor
Kµν = −nµ;ρhρν (hρν = δρν + nρnν) , (2.15)
where ; ρ is covariant derivative with respect to the coordinate x
µ. The third term
I∂D(4) =
c
2χ
∫
∂D(4)
ωµ
√−gdΣµ (2.16)
contains the surface terms which are introduced to fix the metric on the boundary ∂D(4) of
the region D(4). Note, that the boundary ∂D(4) consists of the pieces of time-like as well
as space-like hypersurfaces. The last term I0 in (2.10) contains the boundary terms on the
time-like infinitely remote hypersurfaces, necessary for normalization of the action.
The relation
√−g (4)R = √−gG+ (√−gωµ), µ (2.17)
takes place, where
G = gµν
(
ΓρµσΓ
σ
νρ − ΓσµνΓρρσ
)
(2.18)
contains only the first derivatives of the metric. Therefore the action (2.10) can be rewritten
in a more compact form
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I
(g)
tot = Ig + Im + I0 , (2.19)
where
Ig = − c
2χ
∫
D
(4)
− ∪D
(4)
+
√−gGd4x =
∫
D
(4)
− ∪D
(4)
+
Lgd
4x (2.20)
is the gravitational action of the first order, and
Im = c
∫
Σ
(3)
t
σd3Ω = −c
∫
S
(2)
t
d2m
∫
γ
ω (2.21)
is the action for the dust.
The first and the penultimate terms in (2.10) form the action which can be ascribed to
that of the York’s type IY = IEH + I∂D(4) . It is used in variational problems with the fixed
metric on the boundary ∂D(4) of the region D(4). It can also be used in variational problems
with the general relativistic version of “natural boundary conditions” for “free edge” [11]. In
this case the metric on the boundary is arbitrary and the corresponding momenta vanishes.
Together with I0 it forms the York-Gibbons-Hawking action IY GH = IY + I0 for a free
gravitational field.
In our case of the compound configuration we also fix the metric on boundary ∂D(4),
as it was done in variational problem for action IY . In addition, inside the system there
is the boundary surface Σ
(3)
t , with singular distribution of matter on it. One can interpret
this configuration as the two vacuum regions D
(4)
± with a common “loaded edge” (or with a
“massive edge”). The sum of the actions of type IY for these regions and of the action for
matter Im and normalizing term I0 do leads to the action I
(g)
tot .
If there is no dust, σ = 0, the common boundary is not “loaded”. Then, the requirement
δI
(g)
tot = 0, at arbitrary, everywhere continuous variations of the metric, gives generalization
of the above “natural boundary conditions” for free hypersurface Σ
(3)
t . They coincide with
the condition of continuity for the extrinsic curvature on Σ
(3)
t , i.e., with ordinary matching
conditions. If the edge, being matched, is “loaded” by some surface distribution of matter,
then we obtain the corresponding surface equation or the boundary conditions forD
(4)
± . They
are the analog of the generalized “natural boundary conditions” for “loaded edges”. The
initial action is chosen so, that the surface equations on Σ
(3)
t following from the requirement
δI
(g)
tot = 0, coincide with the matching conditions on singular hypersurfaces [1]. In this
case, the variational principle for the action I
(g)
tot will be compatible with the boundary-value
problem of the corresponding Euler-Lagrange equations [13], [14].
Note, that, as a rule, the boundary terms are formulated in terms of the extrinsic curva-
ture of the corresponding hypersurfaces. For the configuration which contains the boundary
hypersurface dividing the domain D(4) into parts and the whole boundary consisting of
several pieces of edge, initial, and eventual hypersurfaces, it is more convenient to use the
covariant approach. In order to calculate δI
(g)
tot we use the complete action in the form (2.10).
According to [15] we have
δ
(√−g (4)R) = −√−g (4)Gµνδgµν + (√−gΩµ)
, µ
, (2.22)
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where
Ωµ = gσρδΓµσρ − gµρδΓσσρ , (2.23)
and (4)Gµν = (4)Rµν− 1
2
(4)Rgµν is the Einstein tensor. In addition, we shall use the following
conditions: the boundary of the configuration ∂D(4), the metric on it, and the normal vector
are fixed. Then δdΣµ|∂D(4) = 0, δgµν |∂D(4) = 0, δnµ|∂D(4) = 0. The hypersurface Σ(3)t is
fixed, and the metric and its variations are continuous on Σ
(3)
t : [gµν ]Σ(3)
t
= 0, [ δgµν ]Σ(3)
t
= 0,
[nµ]Σ(3)
t
= 0, [δnµ]Σ(3)
t
= 0.
For the variation δIm according to the formula (2.21) we have δIm = −c
∫
d2m
∫
δω =
−c ∫ d2m ∫ δωγ. Here, the quantity d2m is considered as a stationary value at variations of
the metric [16]. The sign “ |γ” designates restriction of the one-forms on the world line γ so,
that
δω|γ = δds =
1
2
uµuνds δgµν = −1
2
uµuνω|γ δg
µν . (2.24)
If all these conditions are satisfied, then from the requirement δI
(g)
tot = 0 one obtains the
vacuum Einstein equations
(4)Gµν = 0 , ∀D(4)± (2.25)
and the surface equations on Σ
(3)
t
Qµν − 1
2
Qgµν = −χσuµuν , (2.26)
where Q = gµνQµν , and
Qσρ = nµ[Γ
µ
σρ]−
1
2
(
nσ[Γ
µ
µρ] + nρ[Γ
µ
µσ]
)
. (2.27)
It is shown in Appendix A that the surface equations (2.26) reduce to the known equations
for the jump discontinuity of the extrinsic curvature tensor of the hypersurface Σ
(3)
t [1]
[Kµν ]− [K]hµν = −χσuµuν , (2.28)
where hµν = gµν + nµnν is the metric on Σ
(3)
t . From the relations (2.28) it follows
[Kµν ]u
µuν = −χ
2
σ , (2.29)
The missing equation for the average tensor of the extrinsic curvature
K¯µν =
1
2
(Kµν|+ +K
µ
ν|−
) (2.30)
can be obtained by considering the variations of I
(g)
tot with respect to normal displacements
of the hypersurface Σ
(3)
t . For this purpose we define some one-parameter family of time-like
hypersurfaces in a neighbourhood of Σ
(3)
t so that Σ
(3)
t is included in this family. The family
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induces (3+1)-decomposition of the objects in the neighbourhood of Σ
(3)
t . Thus for the
four-curvature scalar one has
(4)R = (3)R +KµνK
ν
µ −K2 +
2√−g
{√−g(Knµ − aµ)}
,µ
, (2.31)
where aµ = nµ; νn
ν and (3)R is the curvature scalar of hypersurfaces of the family. Substitut-
ing (2.31) into (2.11) and taking into account the relations aµnµ = 0 and (2.14), one obtains
the action (2.10) in the form
I
(g)
tot = Iˆg + Im + Iˆ∂D(4) + I0 , (2.32)
where
Iˆg =
∫
D
(4)
− ∪D
(4)
+
Lˆgd
4x = − c
2χ
∫
D
(4)
− ∪D
(4)
+
(
(3)R +KµνK
ν
µ −K2
)√−g d4x (2.33)
is the gravitational action, containing normal derivatives up to the first order, and Iˆ∂D(4)
and I0 contain the boundary terms, which are unessential here.
Now let every point p ∈ Σ(3)t be translated at a coordinate distance δxµ(p) = nµδλ(p) in
the normal direction. As a result of the displacement one gets a new hypersurface Σ˜
(3)
t . The
initial and eventual positions of a shell are fixed, therefore δλ(p) = 0, ∀p ∈ Σ(3)t ∩ ∂D(4) =
Σ˜
(3)
t ∩∂D(4). In addition, we fix the metric gµν and all the quantities on Σ(3)t , so that δIm = 0.
As a result of the displacement of the hypersurface Σ
(3)
t , the initial regions D
(4)
+ and D
(4)
−
are transformed into new ones D˜
(4)
+ and D˜
(4)
− , so that, D˜
(4)
− ∪ Σ˜(3)t ∪ D˜(4)+ = D(4)− ∪ Σ(3)t ∪
D
(4)
+ = D
(4). Then, for example, the variation of the region D
(4)
− can be expressed in the
form δD
(4)
− = D˜
(4)
− \D(4)− = D(4)+ \D˜(4)+ . The variation of the action (2.33), under the above
conditions, proves to be equal
δI
(g)
tot = δIˆg =
∫
D˜
(4)
− ∪D˜
(4)
+
Lˆg d
4x−
∫
D
(4)
− ∪D
(4)
+
Lˆg d
4x ∼= −
∫
δD
(4)
−
(
Lˆ+g − Lˆ−g
)
d4x . (2.34)
Here Lˆ+g and Lˆ
−
g are Lagrangians defined by the relation (2.33) and calculated as a limiting
magnitude when approaching the hypersurface Σ
(3)
t from outside or inside respectively. Un-
der the infinitesimal normal displacement of the hypersurface Σ
(3)
t , the full action is variated
by the formula
δI
(g)
tot = −
∫
Σ
(3)
t
(
Lˆ+g − Lˆ−g
)
δxµdΣµ =
∫
Σ
(3)
t
[Lˆg]δλdΣ . (2.35)
Hence, from arbitrariness of δλ(p) and the requirement δI
(g)
tot = 0, one finds
[Lˆg] = Lˆ
+
g − Lˆ−g = [KµνKνµ −K2] = 2K¯µν ([Kνµ ]− [K]δνµ) = 0 . (2.36)
Here we considered that [(3)R] = 0 on Σ
(3)
t . Then, using (2.28), from (2.36) we obtain
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K¯µνu
µuν = 0. (2.37)
The relations (2.28) and (2.37) form the necessary complete set of algebraic conditions
or constraints for the extrinsic curvature tensor Kµν|± of the hypersurface Σ
(3)
t .
Now we can eliminate gravitational degrees of freedom in the action I
(g)
tot and construct
the action for the shell. For this purpose it is necessary to calculate I
(g)
tot on the solutions of
the vacuum Einstein equations (2.25) taking into account the constraints (2.28) and (2.37).
Note, first, that on this stage we use explicitly only the following results of these equations:
(4)R = 0 , [ωµ]nµ = 2[K] = χσ . (2.38)
Substituting these relations for the corresponding terms in (2.10) one finds
I
(g)
tot |{equations (2.38)} = Ish + I∂D(4) + I0 , (2.39)
where
Ish =
1
2
∫
Σ
(3)
t
cσd3Ω = − c
2
∫
S
(2)
t
d2m
∫
γ
ω (2.40)
is the reduced action for the dust shell. This action must be considered together with
constraints (2.28) and (2.37). The action I
(g)
sh is quite certain if the gravitational fields in
the neighbourhood of Σ
(3)
t are determined as the solutions of the vacuum Einstein equations
(2.25) which satisfy the boundary conditions (2.28) and (2.37). That is the finding of these
fields that completes the construction of the action for the shell. At this stage all the
equations (2.25) and constraints (2.28), (2.37) are already used.
Note, that one usually comes to the action for the shell in the other form. In our approach
the action can be obtained at the partial reduction of initial action I
(g)
tot , when the constraint
in (2.38) is not taken into account. As a result we come to the action of the type
I˜sh = −c
∫
Σ
(3)
t
(
σ − 1
χ
[K]
)
ω ∧ d2Ω . (2.41)
or to some its modification. In the spherically-symmetric case from here follows the La-
grangian of the shell in a frame of reference of the comoving observer. However quantity
[K] contains second derivatives with respect to proper time of the shell. When eliminating
them, through the integration by parts, one comes to rather complicated Lagrangians and
Hamiltonians.
To find the equations of motion for particles of the shell from action Ish (2.40) one
should introduce the independent coordinates xµ± in each of the regions D
(4)
± , and the interior
coordinates yi (i, k = 0, 2, 3) on Σ
(3)
t . Let the equations of embedding of Σ
(3)
t into D
(4)
± have
the form xµ± = x
µ
±(y
i). Then we can write the relations
(4)ds2± = g
±
µνdx
µ
±dx
ν
± ,
(3)ds2 = g±µνx
µ
±,ix
µ
±,kdy
idyk = hikdy
idyk , (2.42)
ω = ω± = u±µ dx
µ
± , ω
±
|γ = ds± , u
µ
± = dx
µ
±/ds± , (2.43)
(3)ω = u±µx
µ
±,idy
i = uidy
i , (3)ω|γ =
(3)ds , ui = dyi/ (3)ds . (2.44)
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Non-gravitational interaction between particles of the dust is absent. Therefore we consider
quantity d2m to be unchanged when a flow line is varied.
First, consider variations Ish with respect to the internal coordinates y
i. In this case∫
γ ω =
∫
γ
(3)ω |γ =
∫
γ
(3)ds. Then the metric hik(y
i) is given on Σ
(3)
t and the variation of Ish
leads to the equations of three-dimensional geodesic on the hypersurface Σ
(3)
t
ui; ku
k = 0 . (2.45)
Here“ ;k” denotes the covariant derivative with respect to the coordinate y
k calculated with
the help of the metric hik.
The consideration of the variational principle δI
(g)
sh = 0 with respect to the exterior
coordinates xµ± is more interesting treatment. In this case
∫
γ ω =
∫
γ ω
±
|γ =
∫ (4)
γ ds± Then the
metrics g±µν(x
ρ) are given in a neighbourhood of the shell. Since the normal variations of
the shell are already used, it is possible to consider the variations of dynamical quantities,
generated only by the tangential to Σ
(3)
t variations of the coordinates x
µ. These variations
of the values will be denoted by the sign δ˜. Thus, omitting for simplicity signs “±”, we have
δ˜xµ = δxµ + nµnνδx
ν ≡ hµνδxν (nµδ˜xµ = 0, hµν = δµν + nµnν) , (2.46)
where δxµ are arbitrary values. Then we find
δ˜ω|γ = δ˜
(4)ds = δ˜
√
gµνdxµdxν = −uµ;νuνhµρδxρ (4)ds+ d(uµδxµ) . (2.47)
Supposing that δxµ = 0 on Σ
(3)
t ∩ ∂D(4), from the requirement δ˜I(g)sh = 0 we obtain the
three-dimensional geodesic equations on Σ
(3)
t , but, here, in the four-dimensional form
uµ;νu
νhµρ = 0 . (2.48)
This equation cab be rewritten as
uρ;νu
ν = −uµ;νuνnµnρ . (2.49)
Hence, using the definition of Kµν (2.15) one obtains
uρ;νu
ν = nρnµ;νu
µuν = −nρKµνuµuν . (2.50)
Here we again introduce signs “±” and use the relations Kµν|± = K¯µν ± 12 [Kµν ]. Then,
taking into account constraints (2.29) and (2.37), we come to the equations of motion for
the shell’s particles with respect to the exterior coordinates
(uµ;νu
ν)|± = ±
χ
4
σnµ . (2.51)
For completeness one should add the unused constraints
[Kµν ]u
µeνi = 0 , [Kµν ]e
µ
ae
ν
b =
χσ
2
hab , (2.52)
where eµa = ∂x
µ/∂ya.
From (2.51) it follows the well-known Israel equations [1]
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nµ
Duµ
ds
∣∣∣∣
+
+ nµ
Duµ
ds
∣∣∣∣
−
= 0 , eνi
Duµ
ds
∣∣∣∣
±
= 0 , (2.53)
nµ
Duµ
ds
∣∣∣∣
+
− nµDuµ
ds
∣∣∣∣
−
= −χσ
2
, (2.54)
where Duµ = uµ;νdx
ν is the covariant differential.
The equations of motion of the dust shell (2.51) can immediately be found from the
action Ish. Indeed, acting in the same manner as when deducing the equations of motion
(2.51), the variational formula (2.47) can be transformed to the form
δ˜ (4)ds|± = −uµ;νuνδxµ|± (4)ds|± ∓
1
2
[Kµν ]u
µuνnρδx
ρds|± + d(uµδx
µ)|± . (2.55)
or
δ˜ω±|γ = δ˜
(4)ds|± =
{(
−uµ;νuν ± χσ
4
nµ
)
δxµ (4)ds+ d(uµδx
µ)
}
|±
. (2.56)
From here, under the above conditions, the equations of motion follow.
The proposed variational deducing of the equations of motion makes the problem of
construction of the effective action for the dust shell free from constrains (2.28) and (2.37).
It turns out that it is possible for some special class of the configurations. To show it, we shall
choose such interior coordinates yi, which at i = a = 2, 3 are the Lagrange coordinates of
particles on the shell Σ
(3)
t . In addition, we introduce the coordinates x
µ
|± in the regionsD
(4)
± so
that, when µ = a = 2, 3 the equalities xa+|Σ(3)
t
= xa−|Σ(3)
t
= ya are satisfied. These coordinates
are arbitrary in any other respect. Then the formulas of embedding of Σ
(3)
t into D
(4)
± have
the form xn± = x
n
±(y
0) (n = 0, 1) or f±(x
0, x1) = 0. Therefore we have uµ± = {u0±, u1±, 0, 0}
and n±µ = {n±0 , n±1 , 0, 0}. Using the conditions (uµuµ)|± = −(nµnµ)|± = 1 and (uµnµ)|± = 0
one finds n±0 = u
1
± , n
±
1 = −u0± . Hence it follows
nµδx
µds
|±
= (u1δx0 − u0δx1)ds
|±
= (dx1δx0 − dx0δx1)
|±
. (2.57)
Therefore the variational formula (2.56) has the form
δ˜ω±|γ = δ˜
(4)ds|± =
{
δ(4)ds± 1
4
χσ(dx1δx0 − dx0δx1) + d(uµδxµ)
}
|±
. (2.58)
Now we introduce the vector potential Un = Un(x
0, x1) by the relation
d ∧ (Undxn) ≡ G01dx0 ∧ dx1 = −1
4
χσdx0 ∧ dx1 , (2.59)
where Gnm ≡ Um,n − Un,m (n,m = 0, 1). Hence it follows that the configurations, being
considered, admit such motions of matter for which σ = σ(x0, x1).
Using the definition (2.59) and the relation
δ(Undx
n)− d(Unδxn) = G10(dx0δx1 − dx1δx0) , (2.60)
the variational formula (2.58) can be rewritten in the following form
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δ˜ω±|γ = δ˜
(4)ds|± = {δ(ds∓ Undxn) + d[(un ± Un)δxn + uaδya]}|± . (2.61)
Returning to action for the shell (2.40), we conclude, that in the case under consideration
we have
δIsh = δI
±
sh −
c
2
∫
S
(2)
t
d2m
{
(un ± Un)xn, 0δy0 + uaδya
}
±
∣∣∣∣B
A
, (2.62)
where
I±sh = −
c
2
∫
S
(2)
t
d2m
∫
γ
(ds∓ Undxn)|± , (n = 0, 1) (2.63)
is the effective action for the shell written in terms of the exterior coordinates. Indices A
and B indicate that the corresponding quantities are taken in initial and final positions of
the shell. Since at fixed initial and final positions of particles δyi|A,B = 0, then it follows
δIsh = δI
±
sh.
In such away, under the above conditions, the action of the shell (2.40) with the con-
straints (2.28), (2.37) and the action (2.62) without these constraints are equivalent. The
actions I+sh and I
−
sh are equivalent in the same sense. Let us note, that in the considered
above independent treatment of the interior and exterior faces of the shell there are new
constraints following from isometry conditions of these faces.
III. EFFECTIVE ACTION FOR THE SPHERICAL DUST SHELL
Let us consider spherically-symmetric compound region D(4) = D
(4)
− ∪Σ(3)t ∪D(4)+ ⊂ V (4)
into the spherically-symmetric space-time V (4), where D
(4)
∓ are exterior and interior regions
separated from each other by spherically-symmetric time-like hypersurface Σ
(3)
t . By using
the curvature coordinates we can choose common in D
(4)
± , spatial, spherical coordinates
{r, θ, α}, and individual time coordinates t± for D(4)± respectively. Then the world sheet for
the shell Σ
(3)
t respectively the interior and exterior coordinates is determined by the equations
r = R−(t−) and r = R+(t+). Under appropriate choice of t± we have R−(t−) = R+(t+).
Thus, the interior and exterior regions are determined by the relations
D
(4)
− = {t−, r, θ, α : r0 < r < R−(t−)}, D(4)+ = {t+, r, θ, α : R+(t+) < r <∞}
for all {θ, α} ∈ {0 ≤ θ ≤ π, 0 ≤ α < 2π, } and for all admissible t±. The particles of the
shell are described by one collective dynamical coordinate R = R±(t±) and by the two fixed
individual (Lagrange) angular coordinates θ and α. The minimal value of r0 is limited by
the domain of definition of the curvature coordinates.
The gravitational fields into the regions D
(4)
± are given by the metrics
(4)ds2± = f±c
2dt2± − f−1± dr2 − r2(dθ2 + sin2 θdα2) , (3.1)
where
12
f± = 1− 2γM±
c2r
, (3.2)
and M± are the Schwarzschild masses (M+ > M−).
Owing to the spherical symmetry σ = σ(t±, R). Therefore the conditions of applicability
of the modified action (2.62) are satisfied. In this case we have
d2m = σd2Ω = σR2 sin θdθdα , (3.3)
Undx
n = cϕ(t±, R)dt± + UR(t±, R)dR . (3.4)
Using the gauge condition UR(t±, r) = 0, the action (2.62) can be written in the form
I±sh = −
c
2
∫
S
(2)
t
σR2 sin θdθdα
∫
γ±
(
(2)ds∓ cϕdt
)
|±
. (3.5)
Since the particles move only radially (θ = const, ϕ = const) we shall use the truncate
interval
(2)ds2± = f±c
2dt2± − f−1± dR2 . (3.6)
Further, from the formula (2.59) it follows
1
4
χσ =
γm
2c2R2
=
∂ϕ
∂R
, (3.7)
where m = 4πσR2 is the rest mass of the shell. Hence, up to an additive constant, one finds
ϕ = − γm
2c2R
. (3.8)
Finally, integrating in (3.5) over the angles θ and α and making use of (3.6) and (3.8), the
effective action of the shell can be expressed in the form
I±sh =
1
2
∫
γ±
L±shdt|± = −
1
2
∫
γ±
(
mc (2)ds± γm
2
2R
dt
)
|±
, (3.9)
where
L±sh = −mc2
√
f± − f−1± R2t±/c2 ± U (3.10)
are the Lagrangians of the dust shell with respect stationary observes into the regions
D
(4)
± , (Rt± = dR/dt±), and
U (G) = −γm
2
2R
(3.11)
is the effective potential energy of the gravitational self-action of the shell. It is important
that the self-action (3.11) has the same form as that in the Newtonian theory (formula (C12)
in Appendix C). The Lagrangians (3.10) themselves can be obtained from the corresponding
Newtonian analogs (see Appendix C, formulas (C13) and (C14)) by the formal replacement
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of the first and second terms describing the kinetic and potential energies of the shell into the
external field by their general relativistic analog, the geodesic Lagrangian−mc (2)ds±/dt±. It
is natural that the Lagrangians (C13), (C14), up to an additive constant, are the Newtonian
limits of the relativistic Lagrangians (3.10).
It is easy to see that the actions (3.9) transform each into other under the discrete gauge
transformation
M± →M∓ (f± → f∓), U (G) → − U (G), t± → t∓.
This transformation generalize the corresponding transformation of the Newtonian theory
of shells (see Appendix C) and reduce to the transformation from the interior observer to
the exterior one and otherwise.
Note, that despite the equivalence of the actions I±sh, similar to Newtonian case (C13),
(C14), they can be considered quite independently. We also can consider the regions D
(4)
±
together with the corresponding gravitational fields (3.1) separately and independently, as
manifolds with the edge Σ
(3)
t± . The edges Σ
(3)
t± acquire the physical meaning of different faces
of the shell with the world sheet Σ
(3)
t , provided the regions D
(4)
± are joined along these edges
Σ
(3)
t± . This can be performed only if the conditions of isometry of the edges Σ
(3)
t± are satisfied
f+c
2dt2+ − f−1+ dR2 = f−c2dt2− − f−1− dR2 = c2dτ 2 , (3.12)
where τ is the proper time of the shell. In addition we have Σ
(3)
t+ = Σ
(3)
t− = Σ
(3)
t , γ+(t+) =
γ−(t+) = γ.
Now we study some results following from the isometry conditions of the edges. First,
we obtain the relations between the velocities
c2
f+
R2t+
− 1
f+
= c2
f−
R2t−
− 1
f−
, (3.13)
R2τ ≡
(
dR
dτ
)2
=
c2R2t±
c2f± − f−1± R2t±
, R2t± ≡
(
dR
dt±
)2
=
c2f 2±R
2
τ
c2f± +R2τ
. (3.14)
Then from the Lagrangians L±sh (3.10) one finds the momenta and Hamiltonians of the shell
P± =
∂L±sh
∂Rt±
=
mRt±
f±
√
f± − f−1± R2t±/c2
=
m
f±
Rτ , (3.15)
H±sh =
mc2f±√
f± − f−1± R2t±/c2
∓ U = mc2f±dt±
dτ
∓ U (3.16)
or
H±sh = c
√
f±(m2c2 + f±P 2±)∓ U = mc2
√
f± +R2τ/c
2 ∓ U = E± , (3.17)
where E± are the energies of the shell which are conjugated to the time t± respectively and
conserve with respect to the corresponding interior or exterior stationary observers’ point
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of view. After elimination of velocity Rτ from (3.15) and (3.17), the isometry conditions of
the edges can be expressed in the form
f+P+ = f−P− , (3.18)
(E− − U)2 −m2c4f− = (E+ + U)2 −m2c4f+ . (3.19)
Substituting U and f± from (3.2) and (3.11) for those in the last relation and equating the
coefficients at the same power of R we obtain the relations between the Hamiltonian H±sh
and the Schwarzschild masses M±
H+sh = H
−
sh = (M+ −M−)c2 = E . (3.20)
Here E = E± is the full energy of the shell. This energy is conjugated to the coordinate time
t+ and t− as well, and does not depend on the position of the stationary observer (inside or
outside the shell). We shall interpret the relations (3.18) and (3.20) following from the above
independent consideration of the shell faces, as momentum and Hamiltonian constraints.
The Lagrangians L±sh (3.10), as well as the relations (3.13) - (3.20), are valid only in a
limited domain, since the used curvature coordinates are valid outside the event horizon only.
Therefore L−sh can be used when R > 2γM−/c
2, and L+sh when R > 2γM+/c
2 (M+ > M−).
As is known, the complete description of the shells can be performed in the Kruskal-
Szekeres coordinates. With respect to these coordinates the full Schwarzschild geometry
consists of the four regions R+, T−, R−, T+, detached by the event horizons. Our above
consideration concerned with the R+ region only.
Supposing r to be a time coordinate, we can formally use the action in the form (3.9)
under the horizon. However, here we encounter the ambiguity when choosing the sign
before (2)ds. It is usually ascribed to ambiguity of the radial component direction of the
unit normal to Σ
(3)
t . The point is that in the curvature coordinates the regions T
− and T+
coincide. Hence the time singularity r = 0 contains the two singularities: past singularity
and future singularity. Therefore, for instance, the movement of a test particle with the
energy E = 0 consists of the two stages. At the first stage the particle begins to move
into the expanding region T+ from the past singularity r = 0 and reaches the horizon at
a moment when r reaches 2γM/c2. Then it goes over into the contracting T− region and
moves from the horizon to the future singularity r = 0. In the coordinates {r, t}, where r is
the time coordinate, the latter stage looks like the movement directed backwards in time.
Similarly, in the curvature coordinates the regions R− and R+ of the Kruskal-Szekeres
diagram coincide and ordinary movement of particles into the future of the R−-region looks
as the movement directed backwards in time which corresponds to the change ds→ −ds. It
means that ordinary particles moving into the R−-region are mapped into the R+-region as
antiparticles (remember the Feynman’s interpretation of antiparticles as ordinary particles
moving backwards in time). Such trajectories can be taken into account by the change of
the sign before mc (2)ds± in the expression for the action (3.9) of the shell.
In order to use simplicity and convenience of the curvature coordinates and, at the same
time, to keep information about shells into the R−-region we introduce an auxiliary discrete
variable ε = ±1 and make a change (2)ds± → ε± (2)ds± in I±sh (3.9). Herewith ε± = 1
correspond to the shell into the R+-region, and ε± = −1 to the shell into the R−-region.
Then, we introduce the quantities µ± = ε±m. As a result the extended action has the form
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I±sh(µ±) =
1
2
∫
γ±
L±sh(µ±)dt|± = −
1
2
∫
γ±
(
µc (2)ds∓ UGdt
)
|±
, (3.21)
where
L±sh(µ±) = −µ±c2
√
f± − f−1± R2t±/c2 ± U (3.22)
are the generalized Lagrangians describing the shell inside any of the R±-regions with respect
to the curvature coordinates of the interior {t−, R} or exterior {t+, R} regions. The event
horizons Rg = 2γM±/c
2 are, still, singular points of the dynamical systems (3.21) and must
be excluded from consideration.
For the extended system (3.21) the Hamiltonian has the form
H±sh(µ±) = cε±
√
f±(m2c2 + f±P
2
±)∓ U = µ±c2
√
f± +R2τ/c
2 ∓ U . (3.23)
Hence, taking into account the Hamiltonian constraints (3.20) one finds the standard re-
lations of the theory of dust spherical shells [1]. We shall rewrite them in terms of new
designations
µ−
√
f− +R2τ/c
2 − µ+
√
f+ +R2τ/c
2 =
γµ2
Rc2
, (3.24)
µ−
√
f− +R2τ/c
2 + µ+
√
f+ +R2τ/c
2 = 2(M+ −M−) . (3.25)
In the end of the section we write out the Hamilton-Jacobi equations corresponding to the
Hamiltonians (3.23) and to the constraints (3.18), (3.20) for truncated actions S±0 = S
±
0 (R)
1
f±
(
M+ −M− ∓ U
c2
)2
− f±
c2
(
dS±0
dR
)2
= m2 . (3.26)
f+ d S
+
0 = f− d S
−
0 . (3.27)
Then, the complete actions are determined by the formula S± = −c2(M+ −M−)t± + S±0 .
IV. PARTICULAR CASES OF SPHERICAL DUST CONFIGURATIONS
• Self-gravitating dust shell. In this case M− = 0. Denote M+ = M and consider
the shell moving into the R+-region. Then with respect to the exterior coordinates, the
Lagrangian and the Hamiltonian of the shell have the form
L+sh = −mc2
√
1− 2γM
c2R
−
(
1− 2γM
c2R
)−1 R2t+
c2
− γm
2
2R
, (4.1)
H+sh = c
√
1− 2γM
c2R
√
m2c2 +
(
1− 2γM
c2R
)
P 2+ +
γm2
2R
. (4.2)
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The same shell with respect to the interior coordinates is described by the Lagrangian and
the Hamiltonian
L−sh = −mc2
√
1− R2t−/c2 +
γm2
2R
, (4.3)
H−sh = c
√
m2c2 + P 2− −
γm2
2R
. (4.4)
This Hamiltonian was considered in the works [8], [9]. The dynamical systems with L±sh
obey momentum and Hamiltonian constraints P− = f+P+ , H
+
sh = H
−
sh =Mc
2 and they are
canonically equivalent (see Appendix B).
• The dust shell with vanishing full energy. Now we consider the shell for which
the binding energy Eb = (m + M− −M+)c2 coincides with the rest energy mc2. Denote
M+ = M− ≡ M , f+ = f− ≡ f = 1 − 2γM/c2R, t+ = t− ≡ t. Then for the full energy we
have E = 0. This is possible, as it follows from (3.24), (3.25 ), only when µ+ = −µ− < 0, i.e.
for the wormhole. Such a shell can be considered as a classical model for “zeroth oscillations”
of dust matter with bare mass m under the gravitational field with f = 1− 2γM/c2R.
In terms {t, R} the trajectories of “zeroth oscillations” are determined by the equation
dR
dt
=
2c3
γm
(
1− 2γM
c2R
)√
γ2m2
4c4
+
2γM
c2
R− R2 . (4.5)
Hence for the turning radius we have
Rm =
γ
c2

M +
√
M +
m2
4

 . (4.6)
In the case of the flat space when M = 0, from (4.5)and (4.6) we find
dR
dt
= c
√
1− R
2
R2m0
, Rm0 =
γm
2c2
. (4.7)
The equations of motion of such “zeroth” shells coincide with those for the oscillator
d2R
dt2
+ ω2R = 0 . (4.8)
Its oscillations R(t) = Rm0 cosω(t − t0) occur with the amplitude Rm0 and frequency ω =
c/Rm0 = 2c
3/γm. Hence we find the time of life of these shells into the flat space-time as a
half-period of the oscillation
T =
π
ω
=
πγm
2c3
=
π
c
Rm0 . (4.9)
For the shell with mass equal to the mass of the Earth we have Rg = 2γM/c
2 ≃ 4cm,
Rm0 = Rg/4 ≃ 1cm, T ≃ 10−10c. For the shells with Planck’s mass m = mpl =
√
h¯c/γ the
time of life equals T = πTpl/2, where Tpl =
√
h¯γ/c5 is Planck’s time. We underline, that
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the “zero” shells are characterized by that their gravitational binding energy completely
compensate proper energy, leaving their total energy to be equal to zero. These shells can
be thought of as a classical prototype of the Wheeler’s space-time foam [10].
• The set of concentric dust shells. Now, consider briefly configurations consisting
from the set of N concentric dust shells. Let Ra, ma, τa be the radius, bare mass and
proper time of an a-th shell, respectively (a = 1, 2, ..., N). For simplicity we suppose that
Ra > Rb if a > b. Then let Ma be the Schwarzschild mass determining the gravitational
field fa = 1 − 2γMa/c2r on the right side of an a-th shell, into the region Ra < r < Ra+1.
Suppose f−a = 1 − 2γMa−1/c2Ra and f+a = 1 − 2γMa/c2Ra. Let P±a = madRa/f±a dτa be
momenta of a-th shell, and U (G)a = −γm2a/2Ra be its potential energy of the self-action.
Then
H±a = cε
±
a
√
f±a (m
2
ac
2 + f±a (P
±
a )
2)∓ Ua (4.10)
is the Hamiltonians of an a-th shell. They, similarly to momenta P±a , are considered from
the stationary observers’ points of view, into the interior Ra−1 < r < Ra and exterior Ra <
r < Ra+1, regions respectively. They satisfy the momentum and Hamiltonian constraints
f+a P
+
a = f
−
a P
−
a , H
+
a = H
−
a = (Ma −Ma−1)c2 . (4.11)
Now we are ready to determine the full Hamiltonian of this configuration
HN =
N∑
a=1
H±a . (4.12)
For the self-gravitating configuration M0 = 0. Then H
±
1 = M1c
2 and the full Hamiltonian
of the configuration satisfies the constrain
HN = Mc
2 . (4.13)
Here M = MN is the Schwarzschild mass of the configuration. The system admits the
discrete gauge transformations
Ma ↔Ma−1, Ua ↔ −Ua, ta ↔ ta−1 (a = 1, 2, ..., N) ,
where ta is coordinate time determined on the right from an a-th shell. The choice of
sides (left or right) of the shells is not fixed beforehand and can be made by the reason of
convenience.
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APPENDIX A: TRANSFORMATIONS OF THE SURFACE EQUATIONS
We show that the surface equations (2.26) reduce to the known equations for the jumps
of the extrinsic curvature tensor on the shell [1]. First, we shall calculate nµ[ω
µ].
We suppose that the following conditions are satisfied on the hypersurface Σ
(3)
t
[nµ] = 0, [nµ,ν ]h
ν
σ = 0, [n
µ
,ν ]h
ν
σ = 0, [gµν,ρ]h
ρ
σ = 0 . (A1)
Hence it follows
[Γµρσ]h
ν
µh
ρ
βh
σ
α = 0 . (A2)
Then from the definition (2.15) one finds
[Γσαν ]nσh
ν
β = [Kαβ ] , [Γ
σ
αν ]nσh
αν = [K] , (A3)
[Γσαν ]n
αhνβ = −[Kσβ ] , [Γσαν ]nαhνσ = −[K] , (A4)
[Γσαν ]nσn
αhνβ = 0 . (A5)
According to (C12) we find
nµω
µ = nµg
σρΓµσρ − nρΓσρσ = nµhσρΓµρσ − nµhσρΓρµσ .
Therefore, making use of Eq. (A4) and (A5) we obtain the sought result (2.14).
Then, projecting the equation (2.26) into the hypersurface Σ
(3)
t and into the normal n
ρ
one finds
Qσρn
ρ − 1
2
Qnσ = 0 , (A6)
Qσρh
σ
αh
ρ
β −
1
2
Qhαβ = −χσuαuβ . (A7)
Using the definitions (2.27) and Eqs. (A2)–(A5) we obtain
Q = gµνQ
µν = nµ[ω
µ] = 2[K] , (A8)
Qσρn
ρ = nµn
ρ[Γµρσ]− 12nσnρ[Γµρµ] + 12 [Γµσµ] =
− nσ(nµ[Γµαβ ]nαnβ + [Γµµα]nα) = −nσnρ[Γµρν ]hνµ = [K]nσ , (A9)
Qσρh
σ
αh
ρ
β = nµ[Γ
µ
σρ]h
σ
αh
ρ
β = [Kαβ] . (A10)
Thus the equation (A6) is satisfied identically, and the equations (A7) yield the sought
relations (2.28).
APPENDIX B: ON THE CANONICAL EQUIVALENCE OF THE ACTIONS I±SH
FOR THE DUST SPHERICAL SHELL
In order to show the canonical equivalence of the actions I±sh in the extended phase space
we write the variational principle (3.9) in the form
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δI±sh = δ
∫
(P±dR−H±dt±) = 0 , (B1)
where
P± =
1
cf±
√
(H±±U)2 −m2c4f± . (B2)
The dynamical systems with the actions I±sh are restricted by momentum and Hamiltonian
constraints (3.18) and (3.20), which follow from the independent consideration of the faces
of the shell.
The systems I±sh will be canonically equivalent in the extended phase space of variables
{P±, H±, R, t±}, if
dI+sh = dI
−
sh + dF, (B3)
or
P+dR−H+dt+ = P−dR−H−dt− + dF, (B4)
where F = F (R, t+, t−) is the generating function of the canonical transformation {P+ =
P+(P−, t−, R), t+ = t+(P−, t−, R)}. From (B4) we find
H+ = − ∂F
∂t+
, H− =
∂F
∂t−
, P+ = P− − ∂F
∂R
. (B5)
Using these relations the constraints (3.18) and (3.20) can be rewritten in the following way
− ∂F
∂t+
=
∂F
∂t−
= E ,
∂F
∂R
= P−
(
1− f−
f+
)
. (B6)
From here we find
F = E(t− − t+) + σ(R,E) , (B7)
where
σ(R,E) =
1
c
∫ (
1
f−
− 1
f+
)√
(E±U)2 −m2c4f± dR . (B8)
The expression under the radical is invariant with respect to the replacement f± → f∓, U →
−U .
Then differentiating the expression (B7) over E one finds the relation between t+ and t−
∂F
∂E
= t− − t+ + ∂σ
∂E
= α , (B9)
where the constant α cab be omitted. Thus, the transformations


t+ = t− +
∂σ(R,E)
∂E
,
P+ = P− +
∂σ(R,E)
∂R
,
(B10)
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are the sought canonical transformations of the extended phase space {P±, H±, R, t±} of the
system. Herewith, the corresponding presymplectic form
dP+ ∧ dR− dE ∧ dt+ = dP− ∧ dR− dE ∧ dt− (B11)
is invariant under these transformations.
The difference of the shell actions, which are considered from the point of view of the exte-
rior and interior observers, up to an additive constant is I+sh(R, t+)−I−sh(R, t−) = F (R, t+, t−),
where F = F (R, t+, t−) is the generating function, is calculated by the elimination of the
energy E from the relations (B7) and (B9).
APPENDIX C: NON-RELATIVISTIC DUST SHELL
Let us consider an infinitely thin dust layer in the Euclidean space R(3) in the form of
the closed surface Σt moving in its own Newtonian gravitational field ϕ = ϕ(~r). The full
action for this configuration has the form
I
(N)
tot =
t2∫
t1
dt
{∫
Σt
(
1
2
σ~v 2 − σϕ
)
d2f − 1
8πγ
∫
D−∪D+
(∇ϕ)2 dV
}
. (C1)
Here Σt (t1 ≤ t ≤ t2) is a one-parameter family of the closed surfaces, D− and D+ are
interior and exterior regions of the shell Σt at a moment t, d
2f is the surface element on Σt,
dV is the volume element in R3, ~v is the velocity of particles of the shell, ∇ is the nabla
operator, σ is surface mass density of dust on Σt. By virtue of the mass conservation law the
value dm ≡ σd2f conserves along the stream tube and in case of dust can be considered as
a stationary value under arbitrary variations. Note also, that, we require that the potential
ϕ be continuous, and, together with all its derivatives, vanish at infinity.
The requirement of extremity of the action δI
(N)
tot = 0 with respect to everywhere con-
tinuous variations δϕ, vanishing on infinity, leads to the Laplace equation
∆ϕ(~r) = 0, ~r ∈ D− ∪D+ (C2)
with the boundary conditions for normal derivatives of ϕ on Σt. The latter, for completeness,
will be written out together with the continuity conditions for ϕ on Σt:
[ϕ] ≡ ϕ|+ − ϕ|− = 0 ,
[
∂ϕ
∂η
]
≡ ∂ϕ
∂η
∣∣∣∣
+
− ∂ϕ
∂η
∣∣∣∣
−
= 4πγσ , ~r ∈ Σt (t = const) . (C3)
Here ∂/∂η = (~n · ∇) is the derivative with respect to the exterior normal ~n to Σt, vector
~n (~n2 = 1) is directed from D− to D+. The solution of the equations (C2), (C3) is the
potential of a “simple layer”
ϕσ(~r) = −γ
∫
Σt
σ(~r ′) d2f ′
|~r − ~r ′| . (C4)
Now we can calculate I
(N)
tot on the solutions of the equations (C2), (C3). Thereby,
the potential ϕ is excluded from the full action (C1). Note that owing to (C2) we have
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(∇ϕ)2 = ∇(ϕ∇ϕ). This allows to transform the volume integral of (C1) into the surface one
on the boundaries of the regions D±. Taking into account the boundary conditions (C3) and
an asymptotic behaviour of ϕ, we find the reduced action I
(N)
tot , as the value of the initial
action on the solution (C4) of the equations (C2) and (C3)
I
(N)
tot |{solutions eq. (C2), (C3)} = I
(N)
sh + I
(N)
0 . (C5)
Here I
(N)
0 contains the surface term, which is unessential for further consideration, and
I
(N)
sh =
t2∫
t1
L
(N)
sh dt (C6)
is the effective action for the shell with the Lagrangian
L
(N)
sh =
1
2
∫
Σt
σ~v 2df − U , (C7)
where
U =
1
2
∫
Σt
σϕσ df = −γ
2
∫
Σt
∫
Σt
σ(~r) σ(~r ′)
|~r − ~r ′| dfdf
′ (C8)
is the functional of the potential energy of the gravitational self-action of the shell.
The Lagrangian of the shell in an external gravitational field ϕ0 = ϕ0(~r) has the form
L
(N)
sh =
∫
Σt
(
1
2
σ~v 2 − σϕ0
)
df − U . (C9)
Now consider the spherical non-relativistic dust shell. Let R = R(t) be the radius
of the spherical shell at a moment t. With respect to the spherical coordinates {r, θ, α},
we have σ = σ(r), d2f = R(t) sinθdθdα, ~v 2 = R˙2 = (dR/dt)2. The mass of the shell is
m = 4πσR2 = const. Potential of the external field ϕ0 on the shell has the value
ϕ0 ≡ ϕ− = −γm−
R(t)
, (C10)
where m− is the total mass of the interior source. The potential ϕσ and the self-action
energy for the shell U prove to be equal
ϕσ(r) =
{ −γm/r, r ≥ R(t)
−γm/R(t), r < R(t) , (C11)
U =
1
2
mϕσ = − γm
2
2R(t)
. (C12)
Replacing the corresponding terms in (C9) by those of (C10) - (C12), we obtain the La-
grangian of the spherically-symmetric dust shell in Newtonian theory of gravity
L
(N)
sh− =
1
2
mR˙2 +
γmm−
R
− U . (C13)
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A distinctive feature of spherical shell is that the two-valued description of the shell
dynamic becomes possible with respect to the observer’s position. From an interior observer’s
point of view, except for the force of self-action −∂U/∂R, the shell is effected by the external
force F− = −mdϕ−/dr, which determines an interior gravitational field. This situation
corresponds to the Lagrangian L
(N)
sh−, therefore the latter can be interpreted as the Lagrangian
describing the non-relativistic shell from an interior observer’s point of view.
An exterior observer (r > R(t)) determines the field, judging by the force F+ =
−mdϕ+/dr acting on the shell in the field ϕ+ = ϕ− + ϕσ = −γm+/R(t). This field is
generated by the total mass of the system m+ = m−+m. If, by making use of this relation,
we eliminate m− from L
(N)
sh− we obtain the following Lagrangian
L
(N)
sh+ =
1
2
mR˙2 +
γmm+
R
+ U . (C14)
It can be interpreted as the Lagrangian describing the Newtonian shell from an exterior
observer’s point of view.
In such a way, transformation from an exterior observer to an interior one stipulates
the discrete transformation m± → m∓ = m± ∓ m. Its can be interpreted as both the
gravitational potential transformation ϕ± → ϕ∓ = ϕ± ± γm/R and the change of sign of
the self-action potential U (N) → −U (N). The above two-valued description of spherical shell
in the Newtonian theory has a formal character. This ambiguity, arising when describing
spherically-symmetric shell, is a matter of principle in General Relativity.
Note other feature of the shell, which has non-trivial meaning in General Relativity.
The Lagrangians L
(N)
sh± completely and closely determine the motion of boundaries of regions
D±. That is why they can be thought of as independent systems with their momenta and
Hamiltonians
P± = mR˙± , H± =
P 2±
2m
− γmm±
R±
∓ U± = E± . (C15)
Here E± are the total energies of these boundaries, U
(N)
± = −γm2/2R± are their potential
energies of self-action, and R± = R±(t) are the radiuses of the regions’ boundary D±. The
systems (C15) describe the same shell provided the regions D± have a common boundary
R+(t) = R−(t) ≡ R(t) for all moments t. In this case, eliminating the momentum P ≡
P+ = P− from the equations H± = E± one has
E+ − E− = γm
R
(m+ −m−m−) . (C16)
Hence it follows an ordinary equality of energies and the additivity of masses E+ =
E−, m+ = m−m−. In General Relativity, a similar but not trivial procedure follows from
the isometry conditions for the boundaries of the corresponding four-dimensional regions.
Finally we shall write the corresponding relations for a self-gravitating shell, when m− =
0:
L
(N)
sh− =
1
2
mR˙2 +
γm2
2R
, (C17)
P = mR˙ , H =
P 2
2m
− γm
2
2R
= E . (C18)
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